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Abstract
The consequences of considering the measure of integration in the
action to be defined by degrees of freedom independent of the met-
ric are studied. Models without the cosmological constant problem,
new ways of spontaneously breaking scale symmetry which have an in-
teresting cosmology and theories of extended objects (string, branes)
without a fundamental scale appear possible.
When formulating generally covariant theories, the form for the action
S =
∫
dDx
√−gL is considered. Here L is a scalar and g = det(gµν), gµν
being the metric defined on space-time manifold of interest. In this case
the metric determines the measure of integration to be dDx
√−g. The fact is
however that one can still maintain general coordinate invariance and replace√−g by another density Φ, which depend on degrees of freedom independent
of the metric, obtaining then the modified measure dDxΦ. If Φ is also a total
divergence, then the action S =
∫
dDxΦL is invariant up to the integral of a
total divergence under the shift L→ L+ constant.
A particular realization for Φ is obtained by considering D scalar fields
ϕj and defining Φ = ε
µ1...µDεj1...jD∂µ1ϕj1....∂µDϕjD .
Realistic gravitational theories without the cosmological constant prob-
lem can be constructed using actions of the form S =
∫
dDxΦL1+
∫
dDx
√−gL2,
where L1 and L2 are both independent of the measure fields [1] ϕj. There
is a good reason not to consider mixing of Φ and
√−g , like for example
using Φ
2√−g . This is because S is invariant (up to the integral of a divergence)
under the infinite dimensional symmetry ϕa → ϕa + fa(L1) where fa(L1) is
an arbitrary function of L1 if L1 and L2 are ϕa independent. Such symmetry
is absent if mixed terms are present. Models with two measures could be
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related to brane scenarios (one measure associated to the brane, the other to
the bulk).
We will study now the dynamics of a scalar field φ interacting with gravity
as given by the choice of lagrangians (for D = 4) [2]
L1 =
−1
κ
R(Γ, g) + 1
2
gµν∂µφ∂νφ − V (φ), L2 = U(φ) where R(Γ, g) =
gµνRµν(Γ), Rµν(Γ) = R
λ
µνλ, R
λ
µνσ(Γ) = Γ
λ
µν,σ − Γλµσ,ν + ΓλασΓαµν − ΓλανΓαµσ. In
the variational principle Γλµν , gµν , the measure fields scalars ϕa and the scalar
field φ are all to be treated as independent variables.
If we perform the global scale transformation (θ = constant) gµν →
eθgµν then S is invariant provided V (φ) and U(φ) are of the form V (φ) =
f1e
αφ, U(φ) = f2e
2αφ and ϕa is transformed according to ϕa → λaϕa (no sum
on a) which means Φ→
(∏
a λa
)
Φ ≡ λΦ such that λ = eθ and φ→ φ− θ
α
.
Let us consider the equations which are obtained from the variation of the
ϕa fields. We obtain then A
µ
a∂µL1 = 0 where A
µ
a = ε
µναβεabcd∂νϕb∂αϕc∂βϕd.
Since det (Aµa) =
4−4
4!
Φ3, if Φ 6= 0 we obtain that ∂µL1 = 0, or that L1 =M ,
whereM is constant. This constantM appears in a self-consistency condition
of the equations of motion [2] that allows us to solve for χ ≡ Φ√−g = 2U(φ)M+V (φ) .
M produces ssb of scale invariance.
To get the physical content of the theory, it is convenient to go to the
Einstein conformal frame where gµν = χgµν . In terms of gµν the non Rieman-
nian contribution (defined as Σλµν = Γ
λ
µν − {λµν} where {λµν} is the Christoffel
symbol), disappears from the equations, which can be written then in the
Einstein form (Rµν(gαβ) = usual Ricci tensor)
Rµν(gαβ)− 12gµνR(gαβ) = κ2T effµν (φ),
T effµν (φ) = φ,µφ,ν − 12gµνφ,αφ,βgαβ + gµνVeff(φ) and Veff(φ) = 14U(φ)(V +
M)2. Notice that for generic smooth functions V and U , if V + M = 0
at some point, then generically Veff = V
′
eff = 0 at such point, that is, the
ground state has zero vacuum energy without fine tuning!. No assumption
of scale invariance in involved in this result.
If V (φ) = f1e
αφ and U(φ) = f2e
2αφ as required by scale invariance, we
obtain
Veff =
1
4f2
(f1 +Me
−αφ)2 (1)
We see that as αφ → ∞, Veff → f
2
1
4f2
= const. providing an infinite flat
region, so we expect a slow rolling inflationary scenario to be viable. Also a
minimum is achieved at zero cosmological constant for the case f1
M
< 0 at the
2
point φmin =
−1
α
ln | f1
M
|. Finally, the second derivative of the potential Veff
at the minimum is V ′′eff =
α2
2f2
| f1 |2> 0 if f2 > 0. That is, a realistic scalar
field potential, with massive excitations when considering the true vacuum
state, is achieved in a way consistent with scale invariance.
Furthermore, one can consider this model as suitable for the present day
universe rather than for the early universe, after we suitably reinterpret the
meaning of the scalar field φ. This can provide a long lived almost constant
vacuum energy for a long period of time, which can be small if f 21 /4f2 is
small. Such small energy density will eventually disappear when the universe
achieves its true vacuum state. Notice that a small value of
f2
1
f2
can be achieved
if we let f2 >> f1. In this case
f2
1
f2
<< f1, i.e. a very small scale for the energy
density of the universe is obtained by the existence of a very high scale (that
of f2) the same way as a small neutrino mass is obtained in the see-saw
mechanism from the existence also of a large mass scale. In what follows, we
will take f2 >> f1.
We can also include a fermion ψ, where the kinetic term of the fermion
is chosen to be part of L1, Sfk =
∫
LfkΦd
4x and Lfk =
i
2
ψ[γaV µa (
−→
∂ µ +
1
2
ωcdµ σcd)−(
←−
∂ µ+
1
2
ωcdµ σcd)γ
aV µa ]ψ there V
µ
a is the vierbein, σcd =
1
2
[γc, γd]. For
self-consistency, the curvature scalar is taken to be (if we want to deal with
the spin connection ωabµ instead of Γ
λ
µν everywhere) R = V
aµV bνRµνab(ω), Rµνab(ω) =
∂µωνab − ∂νωµab + (ωcµaωνcb − ωcνaωµcb).
Global scale invariance is obtained provided ψ also transforms, as in ψ →
λ−
1
4ψ. Mass terms consistent with scale invariance exist: m1
∫
ψψeαφ/2Φd4x+
m2
∫
ψψe3αφ/2
√−gd4x.
If we consider the situation where m1e
αφ/2ψψ or m2e
3αφ/2ψψ are much
bigger than V (φ)+M , i.e. a high density approximation, we obtain that the
consistency condition is χ = −3m2
m1
eαφ. Using this, we obtain, after going to
the Conformal Einstein Frame (CEF), which involves the transformations to
the scale invariant fields V
a
µ = χ
1
2V aµ and ψ
′ = χ−
1
4ψ and they lead to a mass
term,
− 2m2( |m1|
3|m2|)
3/2
∫ √−gψ′ψ′d4x (2)
The φ dependence of the mass term has disappeared, i.e. masses are
constants. Low density of matter can also give results which are similar to
those obtained in the high density approximation, in that the coupling of
3
the φ field disappears and that the mass term becomes of a conventional
form in the CEF. In this is the case, we study the limit αφ → ∞ . Then
U(φ)→∞ and V (φ)→∞. In this case, taking m1eαφ/2ψψ and m2e3αφ/2ψψ
much smaller than V (φ) or U(φ) respectively, we get χ = 2f2
f1
eαφ. If this is
used, we obtain the mass term m
∫ √−gψ′ψ′d4x, where
m = m1(
f1
2f2
)
1
2 +m2(
f1
2f2
)
3
2 (3)
The mass term is independent of φ again. So the interaction of φ with
matter dissapears in the CEF due to scale invariance. This is an explicit re-
alization of the symmetry which Carroll was looking for avoiding interactions
of the ’quintessential scalar’ and the rest of the world [3] and which would
apply if we consider the universe being totally in the the region αφ → ∞.
The effects of terms which explicitly (rather than spontaneously) break scale
invariance have also been studied [4].
Other scenarios can be explored: taking m1 and m2 of the same order of
magnitude, we see that the mass of the Dirac particle is much smaller in the
region αφ→∞, for which (3) is valid, than it is in the region of high density
of the Dirac particle relative to V (φ)+M , as displayed in eq. (2), if the ”see-
saw” assumption f1
f2
<< 1 is made. Therefore if space is populated by diluted
Dirac particles of this type, the mass of these particles will grow substantially
if we go to the true vacuum valid in the absence of matter, i.e. V +M = 0.
In the region αφ → ∞, we minimize the matter energy, but maximize the
potential energy Veff and at V +M = 0, we minimize Veff , and particle
masses are big. The true vacuum state must be in a balanced intermediate
stage. Clearly how much above V +M = 0 such true vacuum is located must
be correlated to how much particle density is there in the Universe. A non
zero vacuum energy, which must be of the same order of the particle energy
density, has to appear and this could explain the ”accelerated universe” that
appears to be implied by the most recent observations, together with the
”cosmic coincidence”, that requires the vacuum energy be comparable to the
matter energy.
One can also develop a modified measure theory for the case of extended
objects [5] including super symmetric strings and branes [6]. In the case of
strings, we can replace in the Polyakov action, the measure
√−γd2x (where
γab is the metric defined on the world sheet, γ = det(γab) and a, b indices for
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the world sheet coordinates) by Φd2x, where Φ = εabεij∂aϕi∂bϕj . Then for
the bosonic string , we consider the action
S = −
∫
dτdσΦ[γab∂aX
µ∂bX
νgµν − ε
ab
√−γFab] (4)
where Fab = ∂aAb−∂bAa and Aa is a gauge field defined in the world sheet
of the string. The term with the gauge fields is irrelevant if the ordinary mea-
sure of integration is used, since in that case it would be a divergence, but is
needed for a consistent dynamics in the modified measure reformulation of
string theory. This is due to the fact that if we avoid such a contribution to
the action, the variation of the action with respect to γab leads to the van-
ishing of the induced metric on the string. The equation of motion obtained
from the variation of the gauge field Aa is ε
ab∂a(
Φ√−γ ) = 0 . From which we
obtain that Φ = c
√−γ where c is a constant which can be seen is the string
tension. The string tension appears then as an integration constant and does
not have to be introduced from the beginning. The string theory Lagrangian
in the modified measure formalism does not have any fundamental scale as-
sociated with it. Extensions to both the super symmetric case [6] and to
higher branes ( see both Refs. [5] and [6]) are possible.
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